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GENERALIZED REDUCTION AND PURE SPINORS.
T. DRUMMOND
Abstract. We study reduction of Dirac structures as developed by Bursz-
tyn, Cavalcanti and Gualtieri [6] from the point of view of pure spinors. We
describe explicitly the pure spinor line bundle of the reduced Dirac structure.
We also obtain results on reduction of generalized Calabi-Yau structures.
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Introduction.
In this paper we study symmetries and reduction of Dirac structures [12, 22]
and generalized complex structures [14, 16] from the viewpoint of pure spinors. As
discussed in [14], pure spinors provide a key tool in generalized complex geometry,
specially to study generalized Calabi Yau structures. Our main focus is the interplay
between Dirac structures/generalized complex structures and pure spinors in the
reduction procedure introduced by H. Bursztyn, G. Cavalcanti and M. Gualtieri [6]
(see also [20, 26] for other reduction procedures). More precisely, the main goal of
this work is to find an explicit description of the pure spinor line bundle associated
to the Dirac structure Lred obtained by reducing a Dirac structure L under the
procedure of [6]. In [23], Y. Nitta introduced a procedure to reduce pure spinors in
the context of generalized Calabi-Yau structures. The motivation for this paper is
to put the work of Y. Nitta into the broader perspective of [6] and to move toward
a general procedure to reduce generalized Calabi Yau structures.
1
2 T. DRUMMOND
The set-up for the reduction on [6] is given by an action of a (compact, con-
nected) Lie group G on M which is lifted to an action on Courant algebroid E by
automorphisms and an invariant submanifold N ⊂M on which G acts freely. With
these data in hands, one constructs an isotropic subbundleK ⊂ E|N from which one
obtains a reduced Courant algebroid Ered over Mred = N/G in which the reduced
Dirac structures will be defined (see Theorem 2.10). The reduction procedure itself
start with an invariant Dirac structure L ⊂ E for which L|N ∩K has constant rank
(a clean intersection condition) and gives the reduced Dirac structure Lred ⊂ Ered.
Our approach to find the reduced pure spinor line bundle is based on a new de-
scription of Lred (see Proposition 2.14) which, as an aside, relates the procedure
of M. Stienon and P. Xu [26] to reduce generalize complex structures with that of
[6]. We prove that, up to the choice of a connection on N , Lred is obtained from L
by a combination of pull-back by the inclusion map j : N → M and push-forward
by the quotient map q : N → Mred (see [8] for the definition of such operations)
exactly as in [26]. The choice of a connection has the cost of introducing a 2-form
B ∈ Ω2(N) (which should be thought of as a change of coordinates) in the picture.
From this, it is a simple matter to describe the pure spinor line bundle of Lred: if
ϕ ∈ Γ(∧•T ∗M) is a pure spinor for L, then
(0.1) ϕred = q∗(e
B ∧ j∗ϕ)
is a pure spinor for Lred, where q∗ : Ω(N)→ Ω(Mred) is the push-forward of differ-
ential forms on the principal bundle q : N → Mred (see Theorem 3.4). Moreover,
we prove that, for x ∈ N , ϕred|q(x) 6= 0 if and only if Lx ∩Kx = 0 (a transversal-
ity condition). In §4.1, we use formula (0.1) to give an alternative explanation of
a recent result of G. Cavalcanti and M. Gualtieri [10] relating T-duality [4, 5] to
generalized geometry.
In important examples (e.g. Nitta’s reduction procedure), the transversality
condition L|N ∩K = 0 is not satisfied and, therefore, formula (0.1) does not solve
the problem of describing the pure spinor line bundle of Lred. Overcoming this
transversality issue is the main technical problem we have to handle. To do that,
we develop a pertubation procedure that replaces L by a new Lagrangian subbun-
dle LD of E|N (depending on the choice of a subbundle D ⊂ E|N ) satisfying the
transversality condition LD ∩K = 0 and producing the same reduced Dirac struc-
ture Lred as L (see Proposition 3.11). At the pure spinor level, the change from L
to LD has the effect of changing the pure spinor ϕ to ϕD, which is obtained from
ϕ by Clifford multiplication by an element of det(D). In Theorem 3.15, we use this
pertubation procedure to obtain the general form of a nowhere-zero section of the
reduced pure spinor line bundle corresponding to Lred:
(0.2) ϕred = q∗(e
B ∧ j∗ϕD).
This pertubation method enables us to recover Nitta’s reduction [23] as a particular
instance of (0.2) whenD is properly choosen. We are also able to obtain a new result
on reduction of generalized Calabi-Yau structures in the presence of transversality
conditions (see Proposition 4.8). The main obstacle for applying our method to
reduce generalized Calabi-Yau structures in a general setting is the lack of a fine
control on how the de Rham differential relates with the pertubation ϕ 7→ ϕD. In
any case, formula (0.2) gives us the tool to understand how the Chern classes of
the pure spinor line bundles of L and Lred are related.
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The paper is organized as follows. In Section 1, we recall the main definitions of
generalized geometry and set notation. In Section 2, we present the BCG reduction
procedure and prove Proposition 2.14 which gives a new characterization of the
reduced Dirac structure Lred. Section 3 is devoted to Theorem 3.15, our main
theorem which gives an explicit description of the pure spinor line bundle of Lred.
In §4.1, we move towards a general theorem about reduction of generalized Calabi-
Yau structures and show how the work of Y.Nitta [23] fits into the framework
developed in §3. In the last subsection §4.2, we explain how Theorem 3.4 can be
applied to recover a result of G. Cavalcanti and M. Gualtieri [10] on T-duality.
More specifically, we show that the isomorphism of the twisted-cohomologies of T-
duals spaces introduced in [4] is exactly an instance of formula (0.1) when applied
to pure spinors.
Acknowledgements. This work is part of the author’s PhD thesis, supported by
CNPq. Thanks are due specially to Henrique Bursztyn for his guidance. The
author would like to thank also C. Ortiz, A. Cabrera and G. Cavalcanti for helpful
discussions.
NOTATION.. In this paper (specially in Chapter 3), given a linear homomorphism
f : V →W , we let f denote also the natural extension f : ∧•V → ∧•W to exterior
algebras. We believe this will cause no confusion.
1. Preliminaries.
1.1. Courant algebroids. Let M be a smooth manifold and let π : E →M be a
Courant algebroid [22] over M with anchor p : E → TM , fibrewise non-degenerate
symmetric bilinear form 〈·, ·〉 and bilinear bracket [[ , ]] on Γ(E). We will only deal
with exact Courant algebroids.
Definition 1.1. A Courant algebroid E is said to be exact if the sequence
(1.1) 0 −→ T ∗M
p∗
−→ E
p
−→ TM −→ 0
is exact (we use 〈·, ·〉 to identify E ∼= E∗).
The standard example of an exact Courant algebroid is TM := TM⊕T ∗M with
prTM : TM → TM as anchor, the bilinear symmetric form 〈·, ·〉 canonically given
by
(1.2) 〈X + ξ, Y + η〉 = iXη + iY ξ, for X + ξ, Y + η ∈ Γ(TM)
and the bracket [[·, ·]] given by
(1.3) [[X + ξ, Y + η]] = [X,Y ] + LXη − iY dη.
Given an exact Courant algebroid E, it is always possible to find an isotropic
splitting ∇ : TM → E for (1.1), i.e. a splitting ∇ whose image is isotropic with
respect to 〈·, ·〉. The space of isotropic splittings for E is affine over Ω2(M), i.e.
given a 2-form B and an isotropic splitting ∇, one has that
(∇+B)(X) = ∇X + p∗(iXB)
is also an isotropic splitting and any two isotropic splitting are in the same Ω2(M)-
orbit. The curvature of ∇ is the closed 3-form H ∈ Ω3(M) defined by
H(X,Y, Z) = 〈[[∇X,∇Y ]], Z〉.
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If we change ∇ to ∇+B, its curvature changes to H + dB. The cohomology class
[H ] ∈ H3(M,R) does not depend on the splitting, and it is called the Sˇevera class
of E (see [25] for more details).
For an isotropic splitting∇ with curvatureH ∈ Ω3(M), the isomorphism∇+p∗ :
TM⊕T ∗M −→ E identifies the bilinear form and the bracket on E with the bilinear
form (1.2) and the H-twisted Courant bracket [25]
(1.4) [[X + ξ, Y + η]]H = [X,Y ] + LXη − iY (dξ − iXH)
respectively, where X,Y ∈ Γ(TM), ξ, η ∈ Γ(T ∗M).
Define Φ∇ : E → TM ⊕ T ∗M by
(1.5) Φ∇ = (∇+ p
∗)−1.
For a 2-form B ∈ Ω2(M), we have
(1.6) τB ◦Φ∇+B = Φ∇,
where τB : TM → TM is the so called B-field transformation and it is given by
(1.7) τB(X + ξ) = X + ξ + iXB, for X ∈ TM, ξ ∈ T
∗M.
Let L ⊂ E be a subbundle. Define
L⊥ = {e ∈ E | 〈e, ·〉|L ≡ 0}.
L is said to be isotropic if L ⊂ L⊥ and Lagragian if L = L⊥. Equivalently, L is
Lagrangian if it is isotropic and dim(L) = dim(M).
Definition 1.2. [12] A Lagrangian subbundle L ⊂ E is said to be integrable if
[[Γ(L),Γ(L)]] ⊂ Γ(L). In this case we say that L is a Dirac structure.
In this work, we are mainly concerned with Dirac structures. Recently, there has
been a lot of interest in these structures motivated by the work of M. Gualtieri in
generalized complex geometry and its applications in physics (see [14] and references
therein).
Fix a closed 3-form H ∈ Ω3(M). We finish this subsection giving some examples
of Dirac structures L ⊂ (TM, [[·, ·]]H).
Example 1.3. For a 2-form ω ∈ Ω2(M), its graph Lω = {(X,ω(X, ·)) | X ∈
TM} ⊂ TM is a Lagrangian subbundle of TM and Lω is integrable if and only if
dω = −H .
Example 1.4. For a distribution ∆ ⊂ TM on M , L∆ = ∆⊕ Ann (∆) ⊂ TM is a
Lagrangian subbundle of TM . L∆ is integrable if and only if ∆ = TF and H |F ≡ 0
for F a foliation of M .
1.2. Symmetries. Let E be an exact Courant algebroid over M .
Definition 1.5. [6, 17] The automorphism group Aut(E) of a Courant algebroid E
is the group of pairs (Ψ, ψ), where Ψ : E → E is a bundle automorphism covering
ψ ∈ Diff(M) such that
(1) ψ∗〈Ψ(·),Ψ(·)〉 = 〈·, ·〉
(2) [[Ψ(·),Ψ(·)]] = Ψ[[·, ·]];
(3) p ◦Ψ = ψ∗ ◦ p.
Fix an isotropic splitting ∇ : TM → E.
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Proposition 1.6 ([6]). For (Ψ, ψ) ∈ Aut(E), there exists B ∈ Ω2(M) such that
(1.8) Φ∇ ◦Ψ ◦ Φ
−1
∇ =
(
ψ∗ 0
0 (ψ−1)∗
)
◦ τB
where τB is the associated B-field transformation (1.7). Moreover, if H ∈ Ω3(M)
is the curvature of ∇,
(1.9) H − ψ∗H = dB.
Remark 1.7. For A = (Ψ, ψ) ∈ Aut(E), the composition
(1.10) TxM
ψ∗
−→ Tψ(x)M
∇
−→ Eψ(x)
Ψ−1
−→ Ex, x ∈M,
defines an isotropic splitting ∇A which differs from ∇ exactly by the 2-form B
whose existence is stated in Proposition 1.6 (i.e. ∇ = ∇A +B).
We say that (Ψ, ψ) preserves the splitting if the splitting ∇A defined by (1.10)
equals ∇ (i.e. Ψ ◦ ∇ = ∇ ◦ ψ∗). In this case,
Φ∇ ◦Ψ ◦ Φ
−1
∇ =
(
ψ∗ 0
0 (ψ−1)∗
)
and ψ∗H = H .
The Lie algebra of derivations Der(E) is the Lie algebra of covariant differential
operators A : Γ(E)→ Γ(E) covering vector fields X ∈ Γ(TM) such that
LX〈·, ·〉 = 〈A·, ·〉+ 〈·, A·〉 and A[[·, ·]] = [[A·, ·]] + [[·, A·]].
Choosing an isotropic splitting ∇, Proposition 1.6 identifies Der(E) with the set of
pairs (X,B) ∈ Γ(TM)×Ω2(M) such that LXH = −dB (where H is the curvature
of ∇). The action of (X,B) on Γ(TM) is given by
(X,B) · (Y + η) = [X,Y ] + LXη − iYB.
In particular, given a section X + ξ of TM , one has
(X, dξ − iXH) · (Y + η) = [[X + ξ, Y + η]]H .
Hence, [[X + ξ, ·]] is a derivation of E which we call inner derivation. In general,
the adjoint map
ad : e ∈ E 7−→ [[e, ·]] ∈ Der(E)
is not injective nor surjective (see Propoisition 2.5. of [6] for more details).
1.3. Pure Spinors. Let E be an exact Courant algebroid over M and consider
the Clifford bundle Cl(E) associated to (E, 〈·, ·〉) (see [19]). The fiber over x ∈ M
is Cl(Ex), the Clifford algebra corresponding to (Ex, 〈·, ·〉|x). It is generated by
elements in Ex subject to the relation
(1.11) e1e2 + e2e1 = 〈e1, e2〉.
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Contravariant spinors. Given an isotropic splitting ∇ : TM → E, consider the
identification Φ∇ : E → TM (1.5). For e ∈ E, define
(1.12) s∇(e) = prT∗M (Φ∇(e)).
Associated to ∇, there exists a representation of the Clifford bundle Cl(E) (see
[2]), Π∇ : Cl(E)→ End (∧•T ∗M) , given on generators e ∈ E by
Π∇(e)α = ip(e)α+ s∇(e) ∧ α, for α ∈ ∧
•T ∗M.
Given a section ϕ ∈ Γ(∧•T ∗M), define
(1.13) N∇(ϕ) = {e ∈ E | Π∇(e)ϕ = 0}.
The relations (1.11) imply that N∇(ϕ) is an isotropic subbundle of E (whenever it
has constant rank).
Definition 1.8. We say that ϕ ∈ Γ(∧•T ∗M) is a pure spinor if N∇(ϕ) is a La-
grangian subbundle of E.
Dually, given a Lagrangian subbundle L ⊂ E, define
(1.14) U∇(L) = {ϕ ∈ ∧
•T ∗M | Π∇(e)ϕ = 0, ∀ e ∈ L}.
It can be proven (see [11]) that U∇(L) defines a line bundle on M called the pure
spinor line bundle associated to L.
If we change the splitting by a 2-form B ∈ Ω2(M), the representation changes
accordingly,
(1.15) Π∇+B ◦ e
B = eB ◦Π∇,
where eB : ∧•T ∗M → ∧•T ∗M is the exterior multiplication by eB =
∑∞
n=0
1
n!B
n.
In particular, for any Lagrangian subbundle L ⊂ E,
(1.16) U∇+B(L) = e
B(U∇(L)).
We shall omit the reference to ∇ in U∇ (resp. N∇, Π∇) when considering the
canonical splitting X ∈ TM → (X, 0) ∈ TM for the class of Courant algebroids
(TM, [[·, ·]]H), H ∈ Ω3cl(M).
Example 1.9. Let ω ∈ Ω2(M) be a two form. Corresponding to the Lagrangian
subbundle Lω given on Example 1.3, ϕ = e
−ω is a global section for the pure spinor
line bundle U(Lω).
Example 1.10. Let ∆ ⊂ TM be a distribution. The pure spinor line bundle
corresponding to L∆ (see Example 1.4) is U(L∆) = det(Ann (∆)), the conormal
bundle of ∆. In the extremal cases, ∆ = TM and ∆ = {0}, one has
U(LTM ) = ∧
0T ∗M and U(L{0}) = det(T
∗M).
Regarding Examples 1.9 and 1.10, note that although there exists a global sec-
tion for U(Lω), the existence of a global section for U(L∆) is obstructed by the
orientability of the space of leaves (i.e. U(L∆) has a global section if and only if
∆ is transversally orientable). This shows that the pure spinor line bundle carries
extra information about the Dirac structure.
The integrability of a Lagrangian subbundle L ⊂ E can be encoded by its pure
spinor line bundle U∇(L), where ∇ is an isotropic splitting with curvature H ∈
Ω3(M). One has that
(1.17) L is integrable⇐⇒ dH(U∇(L)) ⊂ Π∇(Cl(E))U∇(L),
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where dH = d −H ∧ · is the H-twisted differential. We refer to [14] (see also [1])
for a proof.
Covariant spinors. The Clifford bundle also has a representation on multi-vector
fields. The map Π
op
∇ : Cl(E) −→ End (∧
•TM) is given on generators e ∈ E by
Π
op
∇ (e)X = p(e) ∧ X+ is∇(e)X.
A section X ∈ Γ(∧•TM) is called a covariant pure spinor if N
op
∇ (X) := {e ∈
E | Π
op
∇ (e)X = 0} is a Lagrangian subbundle of E. The covariant pure spinor line
bundle corresponding to a Lagrangian subbundle L ⊂ E is defined analogously,
U
op
∇ (L) = {X ∈ ∧
•TM | Π
op
∇ (e)X = 0, ∀ e ∈ L}.
Example 1.11. Let π ∈ ∧2TM be a bivector field and consider the associated map
π♯ : T ∗M → TM which takes ξ ∈ T ∗M to π(ξ, ·) ∈ TM . Its graph Graph
(
π♯
)
=
{(π♯(ξ), ξ) | ξ ∈ T ∗M} is a Lagrangian subbundle which is integrable if and only
if π defines a Poisson bracket on M . As Example 1.3, the corresponding covariant
pure spinor line bundle U
op
∇ (Graph
(
π♯
)
) has a nowhere vanishing section e−π.
Under the assumption that M is orientable, the contravariant and covariant
representation of Cl(E) are isomorphic. Indeed, let ν be a section of determinant
bundle det(T ∗M). Define
(1.18)
Fν : ∧•TM −→ ∧•T ∗M
X 7−→ iXν.
One has
(1.19) Fν ◦Π
op
∇ = Π∇ ◦ Fν
In general, Π
op
∇ and Π∇ are only locally isomorphic.
The map Fν is a Fourier-type transform which exchanges exterior multiplication
with (inner) derivation (see [15] for an explicit formulation of this analogy and also
for the proof of (1.19) in the linear algebra setting). The inverse of Fν is
(1.20)
Fp : ∧•T ∗M −→ ∧•TM
α 7−→ iαp,
where p ∈ det(TM) is such that iνp = 1.
Action by automorphisms. Fix an isotropic splitting ∇ for E. The group Aut(E)
acts on the Clifford representation Π∇ as we now explain. Given an element A =
(Ψ, ψ) ∈ Aut(E), consider the associated splitting (see Remark 1.7) ∇A = Ψ−1 ◦
∇ ◦ ψ∗ and recall the identification A = (ψ,B), given in Proposition 1.6, where
∇ = ∇A +B.
As Ψ preserves the pairing 〈·, ·〉, it defines a bundle map Cl(Ψ) : Cl(E)→ Cl(E)
covering ψ, which is a fibrewise algebra isomorphism (on generators e ∈ E, it is
just Ψ itself). A straightforward calculation shows that Cl(Ψ) intertwines the
representations Π∇ and Π∇A , i.e. the diagram
Cl(E)
Π
∇A−−−−→ End (∧•T ∗M)
Cl(Ψ)
y y(ψ−1)∗◦( · )◦ψ∗
Cl(E)
Π∇−−−−→ End (∧•T ∗M)
commutes for all a ∈ Cl(E).
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Define a bundle isomorphism ΣA : ∧•T ∗M → ∧•T ∗M , covering ψ, by
(1.21) ΣA = (ψ
−1)∗ ◦ e−B.
Note that if A preserves ∇, then ΣA is just (ψ−1)∗.
Using formula (1.15) to relate Π∇A and Π∇, one obtains
(1.22) ΣA ◦Π∇(·) ◦ Σ
−1
A = Π∇ ◦Cl(Ψ)(·).
The map (1.21) induces an action of Aut(E) on Γ(∧•T ∗M). This action was first
introduced in [18], where it was used to define an equivariant cohomology associated
to any exact Courant algebroid. We refer to [18] for more details (in particular, for
the question of how ΣA depends on ∇).
Remark 1.12. By equation (1.22), if ϕ ∈ Γ(∧•T ∗M) is a pure spinor, then ΣA(ϕ)
is also a pure spinor and
N∇(ΣA(ϕ)) = Ψ(N∇(ϕ)).
In particular, Ψ leaves N∇(ϕ) invariant if and only if ΣA preserves the pure spinor
line generated by ϕ.
Example 1.13. Consider the canonical Lagrangian subbundle p∗T ∗M ⊂ E. By
Example 1.4, U∇(p
∗T ∗M) = det(T ∗M). For any A ∈ Aut(E), one can directly
check that ΣA(det(T
∗M)) = det(T ∗M), which implies that A preserves p∗T ∗M .
The associated infinitesimal action of Der(E) on Γ(∧•T ∗M) is given by
(X,B) · α = LXα+B ∧ α,
for (X,B) ∈ Der(E) and α ∈ Γ(T ∗M).
In the covariant case, the element A = (Ψ, ψ) ∈ Aut(E) acts on X ∈ ∧•TM
by Σ
op
A (X) = ψ∗(ie−B X). If ψ preserves a volume form ν ∈ det(T
∗M), then the
isomorphism Fν (1.18) intertwines Σ
op
A and ΣA.
2. Generalized Reduction.
2.1. Isotropic lifted actions. Let E be an exact Courant algebroid over M and
G be a compact, connected Lie group acting on M . For g ∈ G, let ψg ∈ Diff(M)
be the corresponding diffeomorphism.
Definition 2.1. [6]A G-lifted action on E is a pair (A, χ), where A : G→ Aut(E)
is an homomorphism and χ : g→ Γ(E) is a bracket preserving map satisfying:
(1) for g ∈ G, the corresponding automorphism Ag covers ψg;
(2) the infinitesimal action ρ : g→ Der(E) associated to A admits a factoriza-
tion
g Der(E)
Γ(E)
ρ
//
χ ''❖
❖❖
❖❖
❖❖
❖
ad
OO
The G-lifted action (A, χ) is said to be isotropic if
〈χ(u), χ(u)〉 = 0, ∀u ∈ g.
An isotropic splitting ∇ : TM → E is said to be G-invariant if Ag preserves ∇, for
every g ∈ G. By compactness of G, there always exists G-invariant splittings for
E.
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Example 2.2. Let H ∈ Ω3(M) be a closed 3-form. The map
(2.1) A : g ∈ G 7−→ Ag =
(
(ψg)∗ 0
0 ψ∗
g−1
)
takes value in Aut(TM, [[·, ·]]H ) if and only if H is invariant. In this case, A defines
an homomorphism. The infinitesimal action ρ : g→ Der(TM) corresponding to A
is given, for Y + η ∈ Γ(TM), by
ρ(u)(Y + η) = [uM , Y ] + LuM η,
where uM is the infinitesimal generator of the G-action on M corresponding to
u ∈ g. The existence of bracket preserving map χ : g→ Γ(TM) such that ρ = ad◦χ
is equivalent to the existence of a linear map ξ : g→ Ω1(M) such that
(i) ρ(u) = [[uM + ξ(u), ·]] (⇔ dξ(u)− iuMH = 0);
(ii) ξ([u, v]) = LuM ξ(v),
for every u, v ∈ g. In this case, χ(u) = uM + ξ(u). Furthermore, 〈χ(u), χ(u)〉 = 0
if and only if
(iii) iuM ξ(u) = 0.
Following [20], we call ξ : g→ Ω1(M) the moment one-form for (A, χ).
Remark 2.3. By choosing a splitting ∇ for E, any isotropic G-lifted action (A, χ)
corresponds to an isotropic G-lifted action (A∇, χ∇) on (TM, [[·, ·]]H), where H ∈
Ω3(M) is the curvature of∇. It follows from Proposition 1.6 that if∇ isG-invariant,
then (A∇, χ∇) is of the form considered in Example 2.2. If ξ∇ : g→ Ω1(M) is the
moment one-form corresponding to A∇, then
(2.2) χ(u) = ∇uM + p
∗ξ∇(u), ∀u ∈ g.
Moreover,
(2.3) ξ∇+B(u) = ξ∇(u)− iuMB, u ∈ g,
is the moment one-form corresponding to A∇+B , for B ∈ Ω2(M).
Equivariant cohomology. The obstruction to lift a G-action on M to an isotropic
lifted action on TM lives on the equivariat cohomology of M . Indeed, let
ΩG(M) = (S(g
∗)⊗ Ω(M))G
be the Cartan model for the equivariant cohomology of M and dG : ΩG(M) →
ΩG(M) be the Cartan differential (see [15]).
Proposition 2.4. [6] Let H ∈ Ω3(M) be a closed form and let A be the map (2.1).
There exists a map χ : g → Γ(TM) such that (A, χ) defines an isotropic G-lifted
action A on (TM, [[·, ·]]H) if and only if there exists ξ ∈ S1(g∗) ⊗ Ω1(M) such that
H + ξ ∈ Ω3G(M) and dG(H + ξ) = 0. In this case, ξ is the moment one-form of
(A, χ).
The next lemma (proven in Lemma 8 of [21]) provides an useful tool to simplify
the description of an isotropic G-lifted action. In what follows, we will extend a
bit our setting by considering an invariant submanifold N of M on which G acts
freely; denote by j : N →M its inclusion.
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Lemma 2.5. Suppose that G acts on N ⊂ M freely and let θ ∈ Ω1(N, g) be
a connection. Let H ∈ Ω3(M) be a 3-form and ξ ∈ S1(g∗) ⊗ Ω1(M) such that
H + ξ ∈ Ω3G(M). If dG(H + ξ) = 0, then
(2.4) B(X,Y ) = 〈ξ(θ(Y )), θ(X)N −X〉+ 〈ξ(θ(X)), Y 〉,
for X, Y ∈ TxN, x ∈ N , defines an element of Ω2(N)G such that
iuNB = j
∗ξ(u), ∀u ∈ g.
In this case, j∗H + dB = j∗(H + ξ) + dGB is a basic 3-form on N .
Definition 2.6. Let (A, χ) be an isotropic G-lifted action and ∇ : TM → E an
invariant isotropic splitting. We say that χ∇ : g→ Γ(TM) is purely tangent on N
if
(2.5) j∗ξ∇ = 0.
In other words, χ∇ is purely tangent on N if it is given by vector fields up to
restriction to N .
Remark 2.7. Let ∇ be any invariant splitting for which χ∇ is purely tangent on
N and let H ∈ Ω3(M) be its curvature. One has that
dG(j
∗H) = dG(j
∗(H + ξ∇)) = 0.
Hence, j∗H is basic on N . The existence of such splittings follows directly from
Lemma (2.5). Indeed, if ∇0 is any invariant splitting, then ∇ = ∇0 + B̂, where
B̂ ∈ Ω2(M)G is any invariant extension of (2.4) (e.g. obtained by choosing an
equivariant tubular neighborhood of N), turns χ∇ into a purely tangent action on
N .
2.2. Reduction of Dirac structures. Let E be an exact Courant algebroid over
M and G a compact, connected Lie group. At the outset, let us fix an isotropic
G-lifted action (A, χ) on E and suppose we are given an invariant submanifold of
M , j : N →M , on which G acts freely. For x ∈ N , define
(2.6) Kx = {χ(u)(x) | u ∈ g}+ p
∗(Ann (TxN)) ⊂ Ex
Lemma 2.8. [7] K is an equivariant isotropic subbundle of E|N .
For a proof, we refer to Proposition 2.3 in [7] (note that in their case, N = µ−1(0),
where µ : M → h∗ is an equivariant map and h is a g-module. With this in mind,
the proof is exactly the same). Note that, as Ag preserves 〈·, ·〉, for all g ∈ G, K
⊥
is also equivariant.
Remark 2.9. If we are given an invariant splitting ∇ for which χ∇ is purely
tangent on N , then, by (2.2),
K = {∇uM | u ∈ g}|N ⊕ p
∗(Ann (TN))
Using the isotropic subbundle K, we can define an exact Courant algebroid over
the quotient manifold Mred = N/G.
Theorem 2.10 (Bursztyn-Cavalcanti-Gualtieri [6]). Let Ered be the bundle over
Mred defined by
Ered =
K⊥
K
/
G.
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The bilinear form 〈·, ·〉, the anchor map p : E → TM and the bracket [[·, ·]] on Γ(E)
induce a bilinear form 〈·, ·〉red, an anchor pred : Ered → Mred and a bracket on
Γ(Ered) which turn Ered into an exact Courant algebroid.
It is exactly inside Ered where the reduced Dirac structures will be found.
Theorem 2.11 (Bursztyn-Cavalcanti-Gualtieri [6]). Let L ⊂ E be an invariant
Dirac structure. If L|N ∩K has constant rank, then
(2.7) Lred =
L|N ∩K⊥ +K
K
/
G ⊂ Ered
defines a Dirac structure.
The main purpose of this work is to understand the relation between the pure
spinor line bundles of L and Lred. For this, we shall need a better description
of Lred. First, let us describe the anchor pred and the bilinear form 〈·, ·〉red. Let
q : N →Mred be the quotient map and x ∈ N . For k⊥ ∈ K⊥x , let [k
⊥ +K] denote
its G-orbit in Ered|q(x). For k
⊥
1 , k
⊥
2 ∈ K
⊥
x and η ∈ T
∗
q(x)Mred, one has
(2.8) 〈[k⊥1 +K], [k
⊥
2 +K]〉red = 〈k
⊥
1 , k
⊥
2 〉
and
(2.9) p∗red η = [p
∗dq∗xη +K].
Remark 2.12. For (2.9) to make sense, one should choose a right splitting for
0 −→ Ann (TxN) →֒ T
∗
xM
dj∗x−→ T ∗xN −→ 0
in order to consider dq∗xη as an element of T
∗
xM . Note that (2.9) does not de-
pend on this choice, as any two splittings differ by an element of Ann (TxN) and
p∗Ann (TxN) ⊂ K. In the following, we shall implicitly assume such a right split-
ting is chosen.
Fix an invariant splitting ∇ for which χ∇ is purely tangent on N . We claim that
∇(TN) ⊂ K⊥. Indeed, let X ∈ TN and ξ∇ : g→ Ω1(M) be the moment one-form
of (A∇, χ∇). A general element k ∈ K has the form (see (2.6)),
k = ∇uM + p
∗(ξ∇(u) + η),
for u ∈ g and η ∈ Ann (TN). Hence,
〈∇X, k〉 = 〈∇X,∇uM + p
∗(ξ∇(u) + η)〉 = iX(ξ∇(u) + η) = 0,
as j∗(ξ∇(u) + η) = 0. This proves that ∇X ∈ K⊥.
Lemma 2.13. Let ∇ be any invariant splitting and let θ ∈ Ω1(N, g) be a connection
on N . Define ∇red : TMred → Ered by
(2.10) ∇red dq(X) = [∇X + p
∗iXB +K], X ∈ TN,
where B ∈ Ω2(N) is given by (2.4) for ξ = ξ∇. One has that ∇red is an isotropic
splitting for Ered. Moreover, its curvature Hred ∈ Ω3(Mred) is determined by
(2.11) q∗Hred = j
∗H + dB,
where H is the curvature of ∇.
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Proof. First of all, note that ∇red is well-defined. Indeed, as
∇X + p∗iXB +K = (∇+ B̂)X +K,
for any invariant extension B̂ ∈ Ω2(M) of B, the result follows from Remark 2.7.
Now, we have to prove that pred ◦ ∇red = id and ∇red(TMred) is a Lagrangian
subbundle of Ered. For this, let x ∈ N , X ∈ TxN and η ∈ T ∗q(x)Mred,
η(dqx(X)) = 〈p∗dq∗xη,∇X + p
∗iXB〉
= 〈[p∗dq∗xη +K], [∇X + p
∗iXB +K]〉red
= 〈p∗redη,∇red dqx(X)〉
= η(pred ◦ ∇red dqx(X)).
As η andX are arbitrary, it follows that∇red◦pred = id. The fact that∇red(TMred)
is isotropic is a direct consequence of (2.8) and (2.10). For a proof of the last
statement, see Proposition 3.6 and the discussion after Proposition 3.8 in [6]. 
We are now able to give an alternative characterization of Lred for L ⊂ E an
invariant Dirac structure. As before, fix an invariant splitting ∇, a connection
θ ∈ Ω1(N, g) and let B ∈ Ω2(N) be defined as (2.4) for ξ = ξ∇. For x ∈ N , define
(2.12) Bj(Lx) = {X + dj
∗
xβ − iXB ∈ TxN | ∇X + p
∗β ∈ Lx}.
Proposition 2.14. Let x ∈ N and Y + η ∈ Tq(x)Mred. One has that
∇redY + p
∗
red η ∈ Lred|q(x) ⇐⇒ ∃X ∈ TxN s.t.
{
Y = dqx(X);
X + dq∗xη ∈ Bj(Lx).
Proof. The proof follows from a straightforward application of the relevant defini-
tions. Let X ′ ∈ TxN such that dqx(X ′) = Y . From the definitions of pred (2.9)
and ∇red (2.10), one has
∇redY + p
∗
red η = [∇X
′ + p∗(iX′B + dq
∗
xη)︸ ︷︷ ︸
k⊥
+K].
From the definition of Lred (2.7), it follows that
∇redY + p
∗
red η ∈ Lred|q(x) ⇐⇒ ∃ k ∈ Kx such that k
⊥ + k ∈ Lx.
By Remark 2.9, k = ∇uM |x + p∗(iXB + α), for some u ∈ g and α ∈ Ann (TxN)
(because χ∇+B is purely tangent on N). Define X = X
′ + uN (x) ∈ TxN and
β = iXB + dq
∗
xη + α ∈ T
∗
xM . Then,
∇X + p∗β = k⊥ + k ∈ Lx.
Now, observe that dqx(X) = dqx(X
′) = Y . Also, as α belong to Ann (TxN), one
has dj∗xβ − iXB = dq
∗
xη as we wanted to prove. 
Remark 2.15. Proposition 2.14 allows us to relate the reduction procedure of [6]
with the one developed by P. Xu and M. Stienon in [26]. Indeed, using an invariant
splitting ∇ for which χ∇ is purely tangent on N to identify E with TM and Ered
with TMred, Proposition 2.14 shows that Lred is the same reduced Dirac structure
as defined in [26].
We finish this subsection by providing an interpretation of Proposition 2.14 using
the notion of forward Dirac map.
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Definition 2.16. [8] Let M1,M2 be manifolds and Hi ∈ Ω3(Mi), i = 1, 2, be
closed 3-forms. Let Li ∈ (TMi, [[·, ·]]Hi ), i = 1, 2, be Dirac structures. A map
f : (M1, H1, L1)→ (M2, H2, L2) is said to be forward Dirac map if , for x ∈M1,
L2|f(x) = {dfx(X) + η ∈ Tf(x)M2 | X + df
∗
xη ∈ L1|x}.
We further assume that f∗H2 = H1.
Given L ⊂ E an invariant Dirac structure, we choose an invariant splitting ∇
for which χ∇ is purely tangent on N and let H ∈ Ω3(M) be its curvature. If
Bj(Lx) is smooth as a vector bundle, it defines a Dirac structure with respect to
the j∗H-twisted Courant (see [12]). It is called the restriction of L to N . In this
case, Proposition 2.14 says that
q : (N, j∗H,Bj(L)) −→ (Mred, Hred,Φ∇red(Lred))
is forward Dirac, where Hred ∈ Ω3(Mred) is the curvature of ∇red and Φ∇red :
Ered → TMred is the identification (1.5).
3. Reduction via pure spinors.
Let E be an exact Courant algebroid over M and G a compact, connected Lie
group acting on M . As usual, we consider an invariant submanifold N ⊂ M on
which G acts freely and an isotropic G-lifted action (A, χ) on E with inclusion
j : N → M and quotient map q : N → Mred. Let L ⊂ E be an invariant Dirac
structure. Throughout this section, we fix this reduction setting and proceed to
investigate the relation between the pure spinor line bundles of L and Lred.
3.1. Interlude.
3.1.1. Linear algebra. In the following, let us fix an invariant splitting ∇, a con-
nection θ ∈ Ω1(N, g) and let B ∈ Ω2(N) be the 2-form (2.4) for ξ = ξ∇. We begin
by giving a more detailed description of U∇(Lx). Let Sx ⊂ TxM be the image of
Lx under the anchor map p. Define ωS ∈ ∧2S∗ by
(3.1) ωS(X,Y ) = ξ(Y ),
where ξ ∈ T ∗xM is such that ∇X + p
∗ξ ∈ Lx. The fact that L is isotropic implies
that ω is antisymmetric.
Remark 3.1. Definition (3.1) does not depend on the choice of ξ. This follows
from the fact that, for every p∗η ∈ Lx ∩ p∗(T ∗xM),
η(Y ) = 0, ∀Y ∈ Sx.
Proposition 3.2. [11] Let 0 6= Ω ∈ det(Ann (Sx)) ⊂ ∧•T ∗xM . One has that
(3.2) ϕx = e
−ω ∧ Ω
is a non-zero generator of U∇(Lx), where ω ∈ ∧2T ∗xM is any extension of ωS .
Note that as L is isotropic, we have
(3.3) Ann (Sx) = Lx ∩ p
∗(T ∗xM).
In the covariant case, there is a analogous description of U
op
∇ (Lx) obtained by
exchanging T ∗xM with TxM . In this case, the covariant pure spinor line of Lx is
generated by e−π∧X, where π ∈ ∧2TxM is a bivector and 0 6= X ∈ det(Lx∩∇TxM).
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We are now able to relate the pure spinor line bundles of L and Lred at the
linear algebra level. Recall the isotropic subbundle K ⊂ E|N (2.6) associated to
the isotropic G-lifted action (A, χ).
Theorem 3.3. For ϕx ∈ U∇(Lx),
(3.4) ̟
op
x := dqx ◦ Fp(e
B ∧ dj∗xϕx) 6= 0⇔ Lx ∩Kx = 0,
where Fp : ∧
•T ∗xN → ∧
•TxN is the star map (1.20) corresponding to p ∈ det(TxN).
In this case, ̟
op
x is a generator of the covariant pure spinor line U
op
∇red
(Lred|q(x)).
We need a lemma first. Recall the definition (2.12) of Bj(Lx) ⊂ TxN .
Lemma 3.4. For ϕx ∈ U∇(Lx), one has
dj∗xϕx 6= 0⇔ Lx ∩ p
∗(Ann (TxN)) = 0.
In this case, eB ∧ dj∗xϕx is a generator of the pure spinor line U(Bj(Lx)).
We refer to Proposition 1.5 in [1] for a proof.
Proof of Theorem 3.3. Let us first suppose that dj∗xϕx 6= 0. By (1.19) and Lemma
(3.4), Fp(eB ∧ dj∗xϕx) is a covariant pure spinor for Bj(Lx). So, Fp(e
B ∧ dj∗xϕx) =
e−π ∧X, where X ∈ det(Bj(Lx) ∩ TxN) and π ∈ ∧2TxM . Hence,
̟
op
x = dqx ◦ Fp(e
B ∧ dj∗xϕx) = 0⇔ dqx(X) = 0⇔ Bj(Lx) ∩ ker(dqx) 6= 0.
By the definition of Bj(Lx) (2.12), one has that uN (x) ∈ Bj(Lx) ∩ ker(dqx), for
u ∈ g, if and only if there exists β ∈ Ann (TxN) such that ∇uN (x) + p∗β ∈ Lx
and dj∗xβ = iuN (x)B. By construction, iuN (x)B = dj
∗
xξ∇(u), which implies that
β − ξ∇(u)|x ∈ Ann (TxN). Therefore,
∇uN(x) + p
∗β = χ∇(u)|x + p
∗(β − ξ∇(u)|x) ∈ Lx ∩Kx.
This proves (3.4). Now, let us show that the assumption that dj∗xϕx 6= 0 can
be dropped. If ̟
op
x 6= 0, then dj
∗
xϕx 6= 0 and the argument above implies that
Lx ∩ Kx = 0. On the other hand, if Lx ∩ Kx = 0, then, in particular, Lx ∩
p∗Ann (TxN) = 0 which implies, by Lemma 3.4, that dj
∗
xϕx 6= 0. Again, the
argument above proves that ̟
op
x 6= 0. This concludes the proof of (3.4).
To prove that 0 6= ̟x generates U∇red(Lred), let (Y, η) ∈ Tq(x)Mred such that
e := ∇redY + p
∗
redη ∈ Lred. By Proposition 2.14, there exists X ∈ TxN such that
Y = dqx(X) and (X, dq
∗
xη) ∈ Bj(Lx). Therefore,
Π
op
∇red
(e)̟
op
x = Y ∧̟
op
x + iη̟
op
x
= dqx(X ∧ Fp(eB ∧ dj∗xϕx) + idq∗xη Fp(e
B ∧ dj∗xϕx))
= 0,
as Fp(dj
∗
xϕx) is a covariant pure spinor for Bj(Lx). This proves that ̟
op
x belongs
to U
op
∇red
(Lred|x) as we wanted. 
In order to obtain a contravariant pure spinor corresponding to Lred, we have to
choose, besides p ∈ detTxN , an element ν ∈ det(T ∗q(x)Mred). In this case,
̟x = Fν(̟
op
x ) = Fν ◦ dqx ◦ Fp(e
B ∧ dj∗xϕx) ∈ ∧
•Tq(x)Mred
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is a contravariant pure spinor for Lred|q(x), where Fν : ∧
•Tq(x)Mred → ∧
•T ∗q(x)Mred
is the Fourier-type map (1.18). Consider
det(TxN)⊗ det(T ∗q(x)Mred) −→ End
(
∧•T ∗xN, ∧
•T ∗q(x)Mred
)
(p, ν) 7−→ Fν ◦ dqx ◦ Fp.
Under the isomorphism between det(TxN)⊗det(T ∗q(x)Mred) and det(ker dqx) given
by
p⊗ ν 7→ δx := (−1)
n(n−r)Fp(dq
∗
xν),
where n = dim(N) and r = dim(G), Fν ◦ dqx ◦ Fp corresponds to a map Cδx given
only in terms of δx. To see the expression of Cδx , fix a basis {ξ
1, . . . , ξn} of T ∗xN
such that {ξ1, . . . , ξn−r} generates Ann (ker dqx). Any element of ∧•T ∗xN is a sum
of forms of the type
dq∗xα ∧ ξ
I , I = {i1 < · · · < ik} ⊂ {n− r + 1, · · · , n}, α ∈ T
∗
q(x)Mred.
The map Fν ◦ dqx ◦ Fp is equal to
(3.5)
Cδx : ∧
•T ∗xN −→ ∧
•Tq(x)Mred
dq∗xα ∧ ξ
I 7−→
{
0, if I 6= {n− r + 1, · · · , n}
(iξI δx)α, if I = {n− r + 1, · · · , n}.
For future reference, we state the contravariant version of Theorem 3.3.
Theorem 3.5. For ϕx ∈ U∇(Lx),
̟x = Cδx(e
B ∧ dj∗xϕx) 6= 0⇔ Lx ∩Kx = 0,
where Cδx : ∧
•T ∗xN → ∧
•T ∗q(x)Mred is the map (3.5) corresponding to δx ∈ det(ker(dqx)).
In this case, ̟x is a generator of the contravariant pure spinor line U∇red(Lred|q(x)).
3.1.2. Push-forward. As G acts freely on N , the quotient map q : N → Mred is
a G-principal bundle. By assumption, G is a compact, connected Lie group and,
therefore, we can consider the push-forward map
q∗ : Ω(N) −→ Ω(Mred).
We recall its definition. Let U ⊂Mred be an open set such that N |q−1(U) is trivial
and let prG : N |q−1(U) → G be the projection on the fiber. Locally, any differential
form on N is a sum of two types of differential forms:
f q∗β ∧ pr∗Gν, where β ∈ Ω(Mred) and
{
ν ∈ Ωr(G), type (I);
ν ∈ Ωk(G), k < r, type (II)
with f ∈ C∞(q−1(U)) and r = dim(G). The push-forward q∗ : Ω(N)→ Ω(Mred) is
locally defined by
(3.6) α = f q∗β ∧ pr∗Gν 7−→
{ (∫
G
f(·, g) ν
)
β, if α is type (I);
0, if α is type (II).
Alternatively, one can see the push-forward map as a composition
(3.7) Ω(N)
Cδ−→ Γ(q∗ ∧• T ∗Mred)
Iδ−→ Ω(Mred).
The first map is induced by the bundle map Cδ : ∧•T ∗N → q∗ ∧• T ∗Mred defined
pointwise by (3.5), where δ ∈ Γ(det(ker dq)) is the image of some fixed element
δg ∈ ∧rg under the natural extension
(3.8) υ : ∧rg −→ Γ(∧rTN)
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of the infinitesimal action υ : g→ Γ(TN). The second map is defined locally as
f α 7→
(∫
G
f(·, g) νL
)
α, α ∈ Γ(∧•T ∗Mred|U ), f ∈ C
∞(q−1(U)),
where νL ∈ det(T ∗G) is the left-invariant volume form such that iδgν
L(e) = 1.
3.2. Main Theorem.
3.2.1. Transversal case. Recall the reduction setting fixed in the beginning of §3
and consider an invariant splitting ∇ : TM → E. Define a G-action on ∧•T ∗M
by composing A : G → Aut(E) with the (∇-dependent) action Σ : Aut(E) →
End (∧•T ∗M) defined by (1.21). As ∇ is invariant, this G-action on ∧•T ∗M is just
the pull-back by ϕ∗
g−1
, g ∈ G. The fact that L is invariant implies that U∇(L) is
G-invariant (see Remark 1.12).
Theorem 3.6. Let θ ∈ Ω1(N, g) be a connection and consider B ∈ Ω2(N) given
by (2.4) for ξ = ξ∇. Let ϕ be a nowhere-zero invariant section of U∇(L)|N over an
invariant open set V ⊂ N . One has that
(3.9) ϕred = q∗(e
B ∧ j∗ϕ)
is a section of U∇red(Lred) over V/G. For x ∈ V, ϕred|q(x) = 0⇔ Lx ∩Kx 6= 0. In
particular, if L|N ∩K = 0, then ϕred is nowhere-zero.
Proof. First note that, by (1.16), eB ∧ j∗ϕ is an invariant nowhere-zero section of
Bj(L) over V . Now, choose δg ∈ ∧rg and consider its image δ ∈ Γ(det(ker(dq)))
under the extension (3.8) of the infinitesimal action. Let Cδ : ∧•T ∗N → q∗ ∧•
T ∗Mred be the associated map given pointwise by (3.5) and consider the section θ
of the pull-back bundle q∗ ∧• T ∗Mred over V defined by
̟x = Cδ ◦ dj
∗
x(e
B ∧ ϕx) ∈ ∧
•Tq(x)Mred, x ∈ V .
By Theorem 3.5, ̟x ∈ U∇red(Lred|q(x)) and ̟x = 0 ⇔ Lx ∩Kx 6= 0. The result
will follow if we prove that ϕred|q(x) = λ̟x, for some λ ∈ R\{0}. For this, note
that if ̟y = ̟x, for y and x in the same G-orbit, then, by (3.7),
ϕred|q(x) = q∗(e
B ∧ j∗ϕ)|q(x) = Iδ(̟)|q(x) =
(∫
G
νL
)
̟x,
where νL is the left-invariant volume form on G such that iδgν
L(e) = 1.
To prove that x 7→ ̟x is constant on G-orbits, let us first relate δy and δx, for
y = ψg(x), g ∈ G. By the well-known formula,
uM (y) = dψg(Adg−1(u))M (x),
it follows that δy = dψg (δx), where δ ∈ Γ(ker(dq)) is the image of
δg := Adg−1(δg) = det(Adg−1 )δg ∈ ∧
rg
under the natural extension (3.8) of the infinitesimal action. As G is compact and
connected, det(Adg−1 ) = 1. Therefore,
(3.10) δy = dψg (δx).
The result now follows directly from the definition (3.5) of Cδ· and from the relation
ϕy = dψ
∗
g−1
ϕx.
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Remark 3.7. If θ1, θ2 ∈ Ω1(N, g) are two connections, then B1 − B2 is a basic
2-form. Let B˜ ∈ Ω2(Mred) be such that q
∗B˜ = B1 −B2. So,
ϕ1 = q∗ ◦ (e
B
1 ∧ j
∗ϕ) = q∗(e
(B1−B2) ∧ eB2 ∧ j∗ϕ) = eB˜ ∧ ϕ2.
3.2.2. Non-transversal case. To have a completely general description of the pure
spinor line bundle of Lred, we have to tackle the case where L|N ∩K has non-zero
constant rank. We cannot apply Theorem 3.6 directly in this case, as the reduced
pure spinor will be identically zero. We give a simple example illustrating this.
Example 3.8. Let F be a foliation on M and consider a submanifold N ⊂ M .
By considering a trivial Lie group G = {e} acting on M and the Dirac structure
LTF (see Example 1.4), these data fit into our reduction setting. The isotropic
subbundle K ⊂ TM |N (2.6) is just Ann (TN) and LTF ∩K has non-zero constant
rank if and only if the foliation F intersects cleanly, but not transversally, with N .
For any ϕ ∈ U(LTF) = det(Ann (TF)), formula (3.9) gives
ϕred = j
∗ϕ
which is identically zero as Ann (TF) ∩ Ann (TN) 6= 0. Observe that, in any case,
the reduced Dirac structure is well-defined: (LTF )red = LTF∩TN .
Our approach to circumvent this problem of non-transversality is to pertub our
original Dirac structure to obtain the transversality condition L|N ∩K = 0 in such
a way that the reduced Dirac structure remains the same.
Definition 3.9. Suppose L|N ∩ K has constant rank. A pertubation input for
(L,K) is an invariant isotropic subbundle D ⊂ E|N for which
(3.11) (L|N ∩K)
⊥ ⊕D = E|N .
Note that if (L,K) satisfies the transversality condition L|N ∩K = 0, the only
possible pertubation input is the zero subbundle. Let us prove that pertubation
inputs always exist.
Lemma 3.10. Assume L|N∩K has constant rank and let F ⊂ E|N be any invariant
complement to (L|N ∩K)⊥. One has that
(3.12) D = {e−
1
2
Ae | e ∈ F}
is a pertubation input, where A : F → L|N ∩K is defined by the composition
F
e7→〈e,·〉|F
−−−−−−−→ F ∗
〈·,·〉♯−1
−−−−−→ L|N ∩K.
Proof. Let us first prove that A is well defined. For simplicity, call KL = L|N ∩K.
By assumption, it is an invariant isotropic subbundle of E|N . As G is compact
and preserves 〈·, ·〉, there always exists an invariant subbundle F ⊂ E|N such that
K⊥L ⊕ F = E|N . As
0 = (K⊥L ⊕ F )
⊥ = KL ∩ F
⊥,
the bundle map 〈·, ·〉♯ : KL → F
∗ given by 〈·, ·〉♯(k) = 〈k, ·〉|F is an isomorphism, so
A is well-defined. It clearly satisfies 〈Ae, k〉 = 〈e, k〉, for (e, k) ∈ F ×N KL. Hence,
for (e1, e2) ∈ F ×N F , one has
〈e1 −
1
2
Ae1, e2 −
1
2
Ae2〉 = 〈e1, e2〉 −
1
2
(〈e1, Ae2〉+ 〈Ae1, e2〉) = 0.
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This proves that D is an isotropic complement to KL. It remains to prove that D
is invariant. For g ∈ G, let Ag = (Ψg, ψg) ∈ Aut(E) and x ∈ N . For e1 ∈ Fx, e2 ∈
Fψg(x), it follows from the invariance of F and 〈·, ·〉 that
〈A(Ψg(e1)), e2〉 = 〈Ψg(e1), e2〉
= 〈e1,Ψg−1(e2)〉
= 〈A(e1),Ψg−1(e2)〉
= 〈Ψg(A(e1)), e2〉.
By the non-degeneracy of the form, it follows that A ◦ Ψg = Ψg ◦ A. This proves
that D is invariant as we wanted. 
As the name suggests, we shall use a pertubation input D for (L,K) to pertub
L|N in order to obtain a Lagrangian subbundle LD ⊂ E|N satisfying
(i) LD is invariant and LD ∩K = 0;
(ii) LD ∩K⊥ +K = L ∩K⊥ +K;
(iii) the passage from L to LD is computable in the pure spinor level.
The pertubation of L|N is defined by
(3.13) LD := L|N ∩D
⊥ +D.
Note that if L|N ∩K = 0, then LD = L|N .
Proposition 3.11. Suppose L|N ∩K has constant rank and let D ⊂ E|N be a per-
tubation input for (L,K). The subbundle LD ⊂ E|N defined by (3.13) is Lagrangian
and satisfies conditions (i) and (ii) above. Moreover, let ϕ be a nowhere-zero sec-
tion of U∇(L|N ) over some open set V ⊂ N , where ∇ is any isotropic splitting for
E. Suppose further that there exists a section d of det(D) over V. Then
(3.14) ϕD = Π∇(d)ϕ
is a nowhere-zero section of U∇(LD) over V.
Remark 3.12. For any x ∈ N , the relations (1.11) and the fact that Dx is isotropic
imply that the subalgebra of Cl(Ex) generated by Dx is isomorphic to ∧•Dx. In
this way, we can consider det(Dx) ⊂ Cl(Ex).
Proof. It is clear that LD is invariant as both L|N ∩ D⊥ and D are invariant
subbundles of E|N . The fact that LD is Lagrangian follows from
LD = [(L|N +D) ∩D
⊥]⊥.
Indeed, one has
L⊥D = (L|N +D) ∩D
⊥ = L|N ∩D
⊥ +D = LD.
To finish the proof of (i), note that (L|N ∩K)⊥ ∩D = 0 implies (L|N ∩K)⊕D⊥ =
E|N ; this in turn implies that
(3.15) L|N = (L|N ∩K)⊕ (L|N ∩D
⊥).
So,
E|N = (L|N ∩K)⊥ +D = K⊥ + L|N +D
(3.15)
= K⊥ + (L|N ∩K + L|N ∩D⊥) +D
= K⊥ + L|N ∩K + LD
= K⊥ + LD.
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Hence,
LD ∩K = (LD +K
⊥)⊥ = E|⊥N = 0,
by the non-degeneracy of 〈·, ·〉. As for (ii), by (3.15),
L|N +D = L|N ∩K + L|N ∩D
⊥ +D = L|N ∩K + LD,
which implies that LD +K = L|N +D +K. Thus
LD ∩K
⊥ = (LD +K)
⊥ = (L|N +D +K)
⊥ ⊂ L|N ∩K
⊥.
So,
LD ∩K
⊥ +K ⊂ L|N ∩K
⊥ +K,
and, as both subspaces are Lagrangians, they have the same rank equal to dim(M).
This proves (ii). It remains to prove that ϕD is a nowhere-zero section of U∇(LD).
Let x ∈ V and {d1, . . . , dl} be a basis of Dx such that dx = dl ∧ · · · ∧ d1. For
j = 1, . . . , l, define
Dj = span{d1, . . . , dj}, L
j = Lx ∩D
j⊥ +Dj
and
ϕj = Π∇(dj ∧ · · · ∧ d1)ϕx.
We shall proceed by induction. For j = 1,
ϕ1 = Π∇(d1)ϕx = 0⇔ d1 ∈ Lx,
As Lx ∩ Dx = 0 and d1 6= 0, it follows that ϕ
1 6= 0. For any e ∈ Lx ∩D
1⊥, using
(1.11), one has
Π∇(e)ϕ
1 = 〈e, d1〉ϕx −Π∇(d1)Π∇(e)ϕx = 0.
Also,
Π∇(d1)ϕ
1 = Π∇(d
2
1 )ϕx = 0,
as d 21 = 2〈d1, d1〉 = 0. This proves that ϕ
1 ∈ U∇(L1) as we wanted. Assume now
that 0 6= ϕj−1 ∈ U∇(Lj−1), for some j ∈ {2, . . . , l}. Then
ϕj = Π∇(dj)ϕ
j−1 = 0⇔ dj ∈ Lj−1
⇔ ∃ a1, . . . , aj−1 ∈ R s.t. dj −
∑j−1
i=1 aidi ∈ Lx ∩D
j−1⊥.
As Lx ∩ Dx = 0, it follows that if ϕj = 0, then dj =
∑j−1
i=1 aidi, which is absurd
as {d1, . . . , dn} is linearly independent. Hence, ϕj 6= 0. For e ∈ Lx ∩ Dj⊥, using
(1.11), one has
Π∇(e)ϕ
j =
∑j
i=1(−1)
j−i〈e, di〉Π∇(dj · · · di−1di+1 · · · d1)ϕx
+(−1)jΠ∇(dj · · · d1)Π∇(e)ϕx
= 0.
For any i = 1, . . . , j, using (1.11) again and the fact that D is isotropic,
didj · · · d1 = (−1)
j−i+1dj · · · di−1d
2
i di+1 · · · d1 = 0.
Hence,
Π∇(di)ϕ
j = 0, ∀ i ∈ {1, · · · , j}.
So, ϕj ∈ U∇(Lj) as we wanted to prove. The result follows from the observation
that ϕl = ϕD|x and Ll = LD|x. 
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Remark 3.13. The map
U∇(L|N )⊗ det(D) −→ U∇(LD)
ϕ⊗ d 7−→ Π∇(d)ϕ
is a G-equivariant isomorphim, where G acts on det(D) via Cl(Ψg), for g ∈ G and
it acts on pure spinor lines as explained in the beginning of §3.2.1. This follows
from (1.22)
The next example shows how this pertubation procedure works in the case of
Example 3.8.
Example 3.14. A possible pertubation input for (LTF , Ann (TN)) is any distri-
bution D ⊂ TM |N such that (TF|N + TN) ⊕D = TM |N . The pertubed bundle
LD is
LD = (TF|N +D)⊕Ann (TF|N +D) .
The distribution TF|N + D is now transversal to TN and (TF|N + D) ∩ TN =
TF|N ∩ TN . The pertubed pure spinor is
ϕD = idϕ,
where d ∈ det(D). Note that the contraction with d kills all covector which lies in
Ann (TN) and, hence, j∗ϕD 6= 0.
We are now able to state our main theorem in its most general form. As usual,
fix an invariant splitting ∇ for E and a connection θ ∈ Ω1(N, g).
Theorem 3.15. Suppose L|N ∩K has constant rank and let D be the pertubation
input for (L,K) given by (3.12). Let ϕ be a nowhere-zero invariant section of
U∇(L)|N over an invariant open set V ⊂ N and suppose there exists an invariant
section d of det(D) over V. One has that
(3.16) ϕred := q∗(e
B ∧ j∗Π∇(d)ϕ)
is a nowhere-zero section of U∇red(Lred) over V/G, where B ∈ Ω
2(N) is the 2-form
given by (2.4) for ξ = ξ∇.
Proof. Define ϕD := Π∇(d)ϕ. As ϕ is a nowhere-zero section of U∇(L) over V ,
Proposition 3.11 together with Remark 3.13 says that ϕD is a nowhere-zero invari-
ant section of U∇(LD) over V , where LD = L|N ∩D⊥ +D. As LD ∩K = 0 and ∇
is (A, χ,N)-admissible, Theorem 3.6 guarantees that
q∗(e
B ∧ j∗ϕD)
is a nowhere-zero section of U∇red(LD, red), where
LD, red =
LD ∩K⊥ +K
K
/
G.
Now, as LD ∩K⊥ +K = L|N ∩K⊥ +K, we have that LD, red = Lred. The result
now follows from (see (1.15)) 
Remark 3.16. Under the assumptions of Theorem 3.15, if D′ ⊂ E|N is another
pertubation input for (L,K) and d′ ∈ det(D′) is an invariant section, then
q∗(e
B ∧ j∗Π∇(d)ϕ) = q∗(e
B ∧ j∗Π∇(d
′)ϕ),
where f ∈ C∞(Mred) is such that q∗f = det(prD2 |D1) and prD2 : E|N → D2 is the
projection along L|N ∩K.
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4. Applications.
4.1. Generalized Calabi-Yau reduction. Let E be a Courant algebroid overM
and consider its complexification EC = E ⊗C. By extending C-bilinearly both the
metric and the Courant bracket, we can study the Lagrangian subbundles of EC
whose sections are closed under [[·, ·]]C. We call such Lagrangian subspaces complex
Dirac structures on M .
Definition 4.1 (M. Gualtieri [14], N. Hitchin[16]). A generalized complex structure
on M is a complex Dirac structure L ⊂ EC such that
(4.1) L ∩ L = 0,
where L is the conjugate subbundle. A general Lagrangian subbundle L ⊂ EC such
that (4.1) holds is called a generalized almost complex structure.
A generalized almost complex structure L ⊂ EC on M can be equivalently de-
scribed (see [13, 14]) by a bundle map J : E −→ E such that J 2 = −Id and
〈J ·,J ·〉 = 〈·, ·〉. Under this description, L is the +i-eigenbundle of J ,
(4.2) L = {e− iJ e | e ∈ E}.
The integrability of L is equivalent to
[[J e1,J e2]]− [[e1, e2]]− J ([[J e1, e2]] + [[e1,J e2]]) = 0, ∀ e1, e2 ∈ Γ(E).
It is straightforward to extend the definition of pure spinor line bundle for the
case of a generalized complex structure L so as to have a complex line bundle
U∇(L) ⊂ ∧•T ∗M ⊗ C over M .
Definition 4.2. A generalized Calabi-Yau structure onM is an almost generalized
complex structure L ⊂ EC such that U∇(L) has a global nowhere-zero section ϕ
such that
(4.3) dHϕ = 0,
where H ∈ Ω3(M) is the curvature of ∇ and dH is the H-twisted differential.
Remark 4.3. Note that Equation (4.3) implies that L is integrable because of
(1.17).
Example 4.4 ([14, 16]). Let J : TM → TM be an almost complex structure on
M and H ∈ Ω3cl(M). Consider J : TM → TM given by
(4.4) J =
(
−J 0
0 J∗
)
.
The corresponding almost generalized complex structure (4.2) is
L = T0, 1 ⊕Ann (T0, 1)
and its pure spinor line bundle is ∧n,0T ∗M . L defines a generalized Calabi-Yau
structure if and only if the canonical line bundle ∧n, 0T ∗M has a global nowhere-
zero closed section ϕ and H ∈ Ω3,0(M). This implies that J is integrable; moreover,
both ϕ and H are holomorphic.
The next example shows how a symplectic structure can be seen as a generalized
Calabi-Yau structure.
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Example 4.5 ([14, 16]). Let (M,ω) be a symplectic manifold. Define J : TM →
TM by
J =
(
0 ω−1♯
−ω♯ 0
)
.
The corresponding Lagrangian subbundle (4.2) is
L = {X + i ω♯(X) | X ∈ Γ(TM)⊗ C};
its pure spinor line bundle is generated by e−iω ∈ Γ(∧•T ∗M)⊗C, which is nowhere-
zero and closed.
In [6], Theorem 2.7 is extended so as to encompass complex Dirac structures
L ⊂ EC. More specifically, if L|N ∩KC has constant rank, then
Lred =
L|N ∩K⊥C +KC
KC
/
G
defines a complex Dirac structure on (EC)red, where KC = K ⊗ C is the com-
plexification of the isotropic subbundle (2.6). It is also proven in [6] (see Lemma
5.1 therein) that if L is the +i-eigenbundle of a generalized complex structure
J : E → E, then
(4.5) Lred ∩ Lred = 0⇔ JK ∩K
⊥ ⊂ K.
In what follows, fix an invariant generalized Calabi-Yau structure L ⊂ EC on
M which is the +i-eigenbundle of J : E → E and a (A, χ,N)-admissible splitting
∇. We now study conditions on L which guarantees that Lred is a generalized
Calabi-Yau structure on Mred. A general theorem in this respect should address
two questions:
(1) Does U∇red(Lred) have a nowhere-zero global section ϕred?
(2) Is ϕred closed under the Hred-twisted differential dHred?
With respect to the first question, we have the following proposition relating the
first Chern classes of U∇(L) and U∇red(Lred).
Proposition 4.6. Suppose L|N ∩ KC has constant rank. The Chern classes of
U∇(L) and U∇red(Lred) are related by
(4.6) c1(U∇red(Lred)) = c1(U∇(L|N )/G) + c1(det(L|N ∩KC)
∗/G).
Proof. Choose a pertubation input D ⊂ EC|N for (L,KC). Let {Wα} be a open
cover of Mred such that U∇(LD)/G is trivial over each Wα. By choosing invari-
ant sections ϕα ∈ Γ(U∇(LD)|q−1(Wα)), the corresponding cocycle gαβ : q
−1(Wα ∩
Wβ)→ C∗ satisfies
gαβ = g˜αβ ◦ q,
where {g˜αβ} is a cocycle for U∇(LD)/G. By Theorem 3.4, one has that
ϕα, red := q∗(j
∗ϕα)
is a nowhere-zero section of U∇red(Lred) over Wα. Hence, over Wα ∩Wβ ,
ϕα, red = q∗(j
∗ϕα) = q∗(q
∗g˜αβ j
∗ϕβ) = g˜αβ q∗(j
∗ϕβ) = g˜αβ ϕβ, red,
which proves that {g˜αβ} is also a cocycle for U∇red(Lred). For a partition of unity
{ρα} subordinate to {Wα}, one has
c1(U∇red(Lred)|Wα = −
1
2πi
∑
γ
d(ργ d log g˜γα) = c1(U∇(LD)/G)|Wα .
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This shows that c1(U∇red(Lred) = c1(U∇(LD)/G). By Remark 3.13, one has that
c1(U∇(LD)/G) = c1(U∇(L|N )/G) + c1(det(D)/G).
The result now follows from the fact that the map D ∋ e 7→ 〈e, ·〉 ∈ (L|N ∩KC)∗ is
an G-equivariant isomorphism. 
Let us give an example illustrating the role of quotienting out by G in the right
hand side of (4.6).
Example 4.7. Consider M = C2 and its canonical complex structure J : TM →
TM . Let S1 act on M by
eiθ · (z1, z2) = (e
iθz1, e
iθz2)
and lift the action to (TM, [[·, ·]]H) with zero moment one-form and H = 0. Consider
the invariant submanifold N = S3 and let K be the associated isotropic subbundle
of TM |N given by
K = {uM | u ∈ s
1}|N ⊕Ann (N) .
The generalized complex structure J (4.4) corresponding to J is S1-invariant,
U(J ) = ∧2,0T ∗M
admits a global nowhere-zero closed section given by ϕ = dz1 ∧ dz2. Hence J is
generalized Calabi-Yau. It also satisfies JK ∩K⊥ = 0, which implies the transver-
sality condition L|N ∩KC = 0. The reduced generalized complex structure Jred is
just the usual complex structure on CP 1. In this case, Proposition 4.6 says that
c1(∧
2,0T ∗C2|S3/S
1) = c1(∧
1,0T ∗CP 1).
As ∧1,0T ∗CP 1 has non-vanishing Chern class, it follows from Proposition 4.6 that
although ∧2,0T ∗C2 has a nowhere-zero global section it does not admit nowhere-
zero S1-invariant sections.
The question related to the existence of closed sections is more subtle. We give
first steps towards answering (2).
Theorem 4.8. If JK ∩K⊥ = 0 and U∇(L) has an invariant nowhere-zero dH-
closed section ϕ, then Lred is a generalized Calabi-Yau structure.
Proof. First note that L|N ∩KC = {e− iJ e | e ∈ K ∩JK}. Hence, JK ∩K⊥ = 0
implies that L|N ∩KC. By Theorem 3.4,
ϕred = q∗(j
∗ϕ)
is a nowhere-zero global section of U∇red(Lred). Now, as d commutes with q∗ (see
[3]), one has
dHredϕred = q∗(j
∗dϕ) −Hred ∧ q∗(j
∗ϕ).
Finally, using that q∗Hred = j
∗H , one has that Hred ∧ q∗(j∗ϕ) = q∗(j∗(H ∧ ϕ)).
Hence,
dHredϕred = q∗(j
∗dHϕ) = 0.
The fact that Lred ∩ Lred = 0 follows from (4.5). 
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Example 4.9. In the same setting of Example 4.7, note that by considering the
invariant open set W1 = {(z1, z2) ∈ C2 | z1 6= 0}, instead of the whole C2, we now
have that U(J ) = ∧2,0T ∗W1 has a nowhere-zero S1-invariant closed section given
by
ϕ1 =
1
z21
dz1 ∧ dz2.
The corresponding nowhere-zero closed section of U(Jred) over q(W1) is
q∗(j
∗ϕ1) = dz,
where z : q(W1)→ C is the coordinate
z : [z1, z2] 7→
z2
z1
.
In the case JK ∩ K⊥ 6= 0, we have to put restrictions on the intersection
L|N ∩KC.
Theorem 4.10. Suppose L|N ∩ KC has constant rank and that U∇(LD) has an
invariant nowhere-zero dH-closed section ϕ. If JK ∩K⊥ ⊂ K and p : L|N ∩KC →
ker(dq)⊗C is an isomorphism , then Lred is a generalized Calabi-Yau structure on
Mred.
Before proving Theorem 4.10, let us show how it recovers Nitta’s result [23].
Example 4.11 ([23]). Consider the isotropic G-lifted action on (TM, [[·, ·]]) of Ex-
ample 2.2 with zero moment one-form and zero 3-form. Consider an invariant
generalized Calabi-Yau structure J : TM → TM and suppose there exists an
equivariant map µ :M → g∗ (with respect to the co-adjoint action) such that
(4.7) J uM = dµ
u, ∀u ∈ g.
Assume 0 is a regular value of µ and take the invariant submanifold N = µ−1(0).
Now, (4.7) implies that
(4.8) L|µ−1(0) ∩KC = {(uM + i vM , dµ
v − i dµu) | u, v ∈ g},
where L is the +i-eigenbundle of J . If one assumes, as usual, that G acts freely
on µ−1(0), then the restriction of prTM to L|µ−1(0) ∩ KC is an isomorphism over
ker(dq)⊗C. Moreover, as (4.7) implies that JK = K, it follows that JK ∩K⊥ =
K. This is exactly the setting in which Y. Nitta [23] performed the reduction of
generalized Calabi-Yau structures. We refer to [23] to see applications of his result
to Duistermaat-Heckmann type formulas for generalized Calabi-Yau structures.
For the proof of Theorem 4.10 we shall need a Lemma concerning the push-
forward map.
Lemma 4.12. Let θ ∈ Ω1(N, g) be a connection 1-form on N and let ker(θ) :=
{X ∈ TN | iXθ = 0}. For a basis {u1, · · · , ur} of g, consider the decomposition
θ =
∑r
i=1 θiu
i, where θi ∈ Ω
1(N). One has that θ[1,r] = θ1∧· · ·∧ θr is an invariant
section of Ann (ker(θ)) and
q∗(θ[1,r]) =
∫
G
ν,
where ν ∈ det(T ∗G) is the left-invariant volume form on G such that iur∧···∧u1ν(e) =
1.
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Proof. The fact that θ[1,r] is invariant follows directly from the invariance of θ,
ϕ∗gθ =
r∑
i=1
θiAdg−1 (u
i), g ∈ G,
and the fact that det(Adg−1 ) = 1 (as G is compact and connected). As for the
second statement, let U be an open set ofMred such that π−1(U) ∼= U×G. Consider
the basis {ξ1, . . . , ξr} of g∗ dual to {u1, . . . , ur}. Define αi := θi − pr∗G ξ
L
i ; it is
straightforward to check that iuNαi = 0, for i = 1, . . . , r and u ∈ g. Thus, by
expanding
θ1 ∧ · · · ∧ θr =
(
α1 + pr
∗
G ξ
L
1
)
∧ · · · ∧
(
αr + pr
∗
G ξ
L
r
)
,
we see that
θ1 ∧ · · · ∧ θr = pr
∗
G ν + forms of type (II)
The result now follows from (3.6). 
Proof of Theorem 4.10. First note that the hypothesis that p : L|N∩KC → ker(dq)⊗
C is an isomorphism implies that L|N ∩KC has constant (complex) rank equal to
dim(G). Let Lred ⊂ Ered ⊗C be the reduced complex Dirac structure. To find the
pure spinor line bundle of Lred, we must use the pertubative method of §3.2.2 as
L|N ∩ KC 6= 0. For this, let θ ∈ Ω1(N, g) be a connection 1-form and choose an
invariant complement QN ⊂ TM |N for TN . Define
D = p∗(Ann (ker(θ)⊕QN))⊗ C.
It is an invariant isotropic subbundle of EC|N . We claim that D is a pertubation
input for (L,KC) (i.e. (L|N ∩KC)⊕D⊥ = EC|N ). Indeed, let e ∈ EC. Then
〈e, p∗ξ〉 = 0, ∀ p∗ξ ∈ D ⇔ ξ(p(e)) = 0, ∀ ξ ∈ Ann (ker(θ)⊕QN)⊗ C
⇔ p(e) ∈ (ker(θ)⊕QN)⊗ C.
As p : L|N∩KC → ker(dq)⊗C is an isomorphism and ker(dq)∩(ker(θ)⊕QN) = 0, it
follows that (L|N ∩KC)∩D⊥ = 0. Our claim now follows from dimension count as
dimC(L|N ∩KC) = dimC(D) = dim(G). Write θ =
∑r
i=1 θiu
i, where {u1, . . . , ur} is
a basis of g and extend θi ∈ Ω(N) to θ˜i ∈ Γ(∧•T ∗M |N) by θ˜i|QN ≡ 0. By Lemma
4.12, d := p∗(θ˜1 ∧ · · · ∧ θ˜r) ∈ Γ(det(D)) is an invariant section. So, Theorem 3.15
gives that
ϕred = q∗(j
∗Π∇(d)ϕ) = q∗(θ1 ∧ · · · ∧ θr ∧ j
∗ϕ)
is a nowhere-zero global section of U∇red(Lred). We claim that j
∗ϕ is a basic form.
Indeed, it is invariant by hypothesis. Now, let u ∈ g and consider ku, the unique
section of L|N ∩KC such that p(ku) = uM . As ∇ is (A, χ,N)-admissible, we have
that
ku = ∇uM + p
∗η,
where η ∈ Ann (TN)⊗ C (see Remark 2.9). Hence, as ku ∈ L|N ,
0 = j∗Π∇(ku)ϕ = iuN j
∗ϕ+ j∗η ∧ j∗ϕ = iuN j
∗ϕ,
as we claimed. Let ϕ0 ∈ Ω(Mred) be such that q
∗ϕ0 = j
∗ϕ. By Lemma 4.12, we
have that
ϕred = q∗(θ1 ∧ · · · ∧ θr ∧ q
∗ϕ0) = q∗(θ1 ∧ · · · ∧ θr)ϕ0 =
(∫
G
ν
)
ϕ0,
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where ν is the left-invariant volume form on G such that iur∧···∧u1ν(e) = 1. Finally,
(
∫
G
ν)−1q∗(dϕred −Hred ∧ ϕred) = dq∗ϕ0 − q∗Hred ∧ q∗ϕ0
= dj∗ϕ− j∗H ∧ j∗ϕ
= j∗(dϕ−H ∧ ϕ) = 0,
which implies that dϕred −Hred ∧ ϕred = 0 (we have used that q∗Hred = j∗H , see
Remark 2.11). Hence, U∇red(Lred) has a nowhere-zero global dHred -closed section
ϕred. The fact that Lred is a generalized complex structure follows from (4.5). This
completes the proof. 
4.2. T-duality. In this subsection, we explore the striking similarity of formula
(3.9) with the T-duality map introduced in [4]. More precisely, we show how formula
(3.9) gives an alternative explanation of the fact that the T-duality map preserves
pure spinors. This will be based on recent results obtained by G. Cavalcanti and
M. Gualtieri [10, 9] relating T-duality with reduction procedure of [6].
Let π1 : P1 → N be a principal circle bundle with an invariant closed integral
3-form H1 ∈ Ω
3(P1) and a connection 1-form θ1 ∈ Ω
1(P1) . We have identified
s1 ∼= R in such a way that π1∗θ1 = 1 (see Lemma 4.12). Define
c2 := π1∗H ∈ Ω
2(N)
and let c1 ∈ Ω
2(N) be the curvature of P1 (i.e. π
∗c1 = dθ1). There exists h ∈ Ω
3(N)
such that
(4.9) H1 = π
∗
1c2 ∧ θ1 + π
∗
1h.
By general properties of the push-forward map, [c2] ∈ H2(N,Z). Therefore, there
exists a principal circle bundle π2 : P2 → N with a connection 1-form θ2 ∈ Ω1(P2)
whose curvature is c2. Define
H2 = π
∗
2c1 ∧ θ2 + π
∗
2h ∈ Ω
3(P2).
(P2, θ2, H2) is called the T-dual space corresponding to (P1, θ1, H1). We refer to [4]
for the physical interpretation of T-duality and examples of T-dual spaces (see also
[10, 24])
Given T-dual spaces (P1, θ1, H1) and (P2, θ2, H2), define the correspondence
space to be the fiber product M = P1×N P2 of P1 and P2. The natural projections
q1 :M → P1 and q2 :M → P2, which make the diagram below commutative,
P1
N
M
P2
q1
⑧⑧
⑧⑧ q2

❄❄
❄❄
π1 
❄❄
❄❄
π2⑧⑧
⑧⑧
also give M the structure of a principal circle bundle over P1 and P2 respectively.
Let ΩS1(Pi) be the space of invariant differential forms on Pi and consider the
Hi-twisted differential dHi , for i = 1, 2. As H1 is invariant, then dH1 restricts to
Ω(P1)
S1 turning it into a differential complex (similarly for dH2 and Ω(P2)
S1).
Theorem 4.13. [4] Let B = q∗1θ1 ∧ q
∗
2θ2 ∈ Ω
2(M). The map τ : (Ω(P1)
S1 , dH1)→
(Ω(P2)
S1 , dH2 ) defined by
(4.10) τ = q2∗ ◦ e
B ◦ q∗1
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is an isomorphism of differential complexes.
In the remainder of this paper, we give an alternative proof of the following result
Proposition 4.14. [10] The T-duality map τ (4.10) preserves pure spinors.
Proof. Consider the Courant algebroid E = (TM, [[·, ·]]q∗
1
H1). It carries an isotropic
S1-lifted action (A, χ), where A is defined by (2.1) (corresponding to the principal
circle bundle q2 :M → P2) and χ : R→ Γ(TM) given by
χ(1) = 1M + q
∗
2θ2.
TakeN =M as an invariant submanifold and note that q∗1θ1 defines a connection on
N such that the corresponding 2-form defined by (2.4) is exactly B = q∗1θ1∧q
∗
2θ2. It
is now straightforward to check that the splitting∇red (2.10) for Ered = (K
⊥/K)/G
has curvature H2 and identify Ered with (TP2, [[·, ·]]H2). Let ϕ ∈ ΩS1(M) be a pure
spinor. One has that q∗1ϕ ∈ ΩS1(M) is a pure spinor (see Proposition 1.5 in [1] for
a proof) such that
N (q∗1ϕ) = {(Y, dq
∗
1η) ∈ TM | dq1(Y ) + η ∈ N (ϕ)}.
It follows thatN (q∗1ϕ)∩K = 0. Hence, Theorem 3.4 gives that τ(ϕ) = q2∗(e
B∧q∗ϕ)
is a section of the pure spinor line bundle U∇red(N (q
∗
1ϕ)red). This shows completes
the prove. 
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